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GENERAL INTRODUCTION 
The studies presented in the following sections are concerned with 
numerical results modeling linear barotropic instability of flows that are 
relevant to the stratosphere. The following paragraphs outline the 
theoretical background underlying barotropic instability studies, and 
provide an overview of the framework which surrounds current efforts. 
The term "barotropic" refers to a fluid in which surfaces of constant 
pressure coincide with surfaces of constant density. It may readily be 
shown (Pedlosky, 1987) that in such a fluid, in the absence of viscous 
effects, the absolute vorticity, 
W a  =  V x { u  +  n x r } = w  +  2 n  
n = angular velocity of earth's rotation, 
u = velocity in rotating reference frame, 
is conserved following the fluid motion. The barotropic vorticity 
equation is a statement of this condition for the earth's atmosphere: 
i f - ( 2 )  
where 
T) ^ ^ 
Dt = 5t ^ (3) 
and ^ is the vertical component of absolute vorticity. 
The linearized barotropic vorticity equation, obtained by writing t h e  
vorticity as the sum of a stationary basic state and a perturbation, 
C = Î f >> f', and dropping terms involving products of perturbation 
quantities, may be written as 
2 
If'+ e) + j(f, r) = 0 (4) 
e , ë = vV + f 
f=2nsin^, (f> = latitude 
where the Jacobian, J(a, b) is given by 
V X 5a 5b 5a 5b . s 
=3^57-57®? (5) 
in the local cartesian system used on a /3-plane (where the only effect of 
the earth's sphericity considered is the variation of the Coriolis 
df parameter, f = 2nsin^, with latitude; that is, /? = ^ is taken to be 
constant), and 
5a 5b 5a 5b TCo 1 r ^ . 
="21 5A5^- 5^51 j (G) 
A = longitude 
H = sin(j> 
T = earth's radius 
e 
in spherical coordinates. For zonally symmetric basic states, the 
linearized barotropic vorticity equation becomes, on a /?-plane, 
ft + u + ( /? - ^  ) = 0 (7) 
dy 
where u is the basic state zonal wind field. 
" = - if 
and on a sphere, 
+ { 2n - [(i-/)w } Ix = 0 
where w = u(r^cos^) ^ , the subscript represents the derivative with 
respect to that quantity, and 
( 8 )  
3 
— 1 34/ 
^ 
"Barotropic instability" refers to the hydrodynamic instability arising 
from variations of background vorticity (due to horizontal variations of 
the basic state wind field) in a two-dimensional, nondivergent flow, 
governed by the vorticity equation shown above. An atmosphere in which 
pressure and density surfaces do not coincide is referred to as 
"baroclinic", and "baroclinic instability" arises from vertical variations 
in the basic state wind fields. 
Necessary conditions for barotropic instability, for zonally 
symmetric basic flows, were derived by Rayleigh (1880) for a nonrotating 
fluid, and generalized to a rotating fluid by Kuo (1949). The inflection 
point theorem states that all unstable solutions to the barotropic 
vorticity equation must have an inflection point somewhere in the domain, 
i.e.. 
for the /3-plane case, or, 
f - "yy = ° 
20 — [(1—/i )w = 0 
on a sphere, where the subscript indicates the partial derivative with 
respect to that quantity. Rayleigh (1880) proved another theorem which 
states that the speed of propagation of a neutrally stable disturbance on 
a basic flow lies between the maximum and minimum values of the velocity 
of the basic flow. A similar condition may be shown to hold for rotating 
fluids (Pedlosky, 1987). The inflection point theorem may readily be 
applied to any specified basic flow in order to determine whether the 
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possibility for barotropic instability exists. 
Further conditions applying to the barotropic instability of zonally 
symmetric flows have been discussed by Lindzen and Tung (1978) and Tung 
(1981). These papers formulate the problem in terms of the existence of a 
critical latitude, where the phase velocity of the wave and the mean flow 
velocity are equal. Tung (1981) obtains a sufficient condition for 
instability of certain types of flows. While conditions such as these are 
more specific, the mathematical formulation is such that they are not 
easily applied to a realistic basic flow to determine whether unstable 
disturbances will appear, or the characteristics of those disturbances. 
Several studies have been done which examine the barotropic 
instability of particular basic flows. Earlier studies of this type, s u c h  
as Kuo (1973), are of idealized flows which are not specifically r e l e v a n t  
to observed flows, but are amenable to analytical analysis. D i c k i n s o n  a n d  
Clare (1973) give a relatively comprehensive list of these studies; t h e i r  
study was of a basic flow described by a hyperbolic tangent, carried out 
using the infinite /9-plane "eometry. Most studies of barotropic 
instability use basic states related to observed upper-level flows, a n d  
are relevant to the stratosphere or mesosphere; in mid-latitudes, t h e  
troposphere is dominated by baroclinic processes (Holton, 1979). 
A study which motivated many of the calculations performed in t h e  
following sections was done by Hartmann (1983). Numerical methods w e r e  
used to solve the linearized nondivergent barotropic vorticity e q u a t i o n  o n  
a sphere for basic flows described by a hyperbolic secant, with p a r a m e t e r s  
5 
chosen so that the basic state latitudinal wind profile resembled that of 
the stratospheric polar night jet. The unstable modes arising from these 
basic states are of two types: 1) approximately nondispersive modes 
associated with a region of negative absolute basic state vorticity 
gradient on the poleward side of the jet (referred to hereafter as 
poleward modes), and 2) for relatively narrow jets, modes associated with 
a region of negative vorticity gradient on the equatorward side of the jet 
(equatorward modes). The poleward wavenumber 1 mode has a propagation 
period of 3 to 4 days, depending mainly on the strength of the jet. The 
equatorward modes have much longer periods. Michelangeli et al. (1987) 
did a similar study using parameters typical of wind profiles for Venus 
and Mars, and considered the effect of changing these parameters (which 
include strength, width, and peak latitude of the jet, and rotation rate 
of the planet) on the wavenumber, period, and growth rate of the most 
unstable mode. 
Pfister (1979) examined barotropic instability in a model with 
realistic vertical shear. He used a /3-plane geometry with wind profiles 
similar to those observed in the upper stratosphere. He found that a 
realistic vertical shear tended to decrease the. growth rates of primarily 
barotropic modes. A later paper by Pfister (1985) examined 
three-dimensional, primarily baroclinic instability of fields typical of 
the summer mesosphere. 
A more recent development in the study of linear instability problems 
has been to examine basic states which are not zonally symmetric. 
6 
Grotjahn (1984) presents a comprehensive review of work on this subject. 
The classic work of this type is by Lorenz (1972), who examines the 
stability of a neutral Rossby wave (a solution to equation (1) above) to 
small perturbations. The flow is found to be unstable if the wave is of 
sufficient amplitude, or the wavenumber sufficiently high. Gill (1974) 
extended the work of Lorenz (1972) to a wave with wavenumber in an 
arbitrary direction. The characteristics of unstable perturbations were 
2 
examined as a function of the parameter M = UK Ifi, where U is the velocity 
amplitude of the wave, and K its wavenumber. It was found that for small 
M, the disturbance was made up of two waves which form a resonantly 
interacting triad with the primary wave, while for large M, the 
instability is a Rayleigh-type instability of a two-dimensional flow. 
Coaker (1977) formulated this problem as a third-order Floquet system, and 
obtained curves of marginal stability as a function of M for this 
parametric instability. General conditions for instability, such as 
discussed above for zonally symmetric flows, have not been derived in the 
zonally asymmetric case. Pedlosky (1987, section 7.17) discusses 
instability of nonparallel flows, and gives necessary conditions for 
instability in some restricted cases. 
Hoskins (1973) and Baines (1976) examined the stability of a 
Rossby-Haurwitz wave, a solution to equation (2), on a sphere. Baines 
(1976) he finds that waves with total wavenumber n (the lower index of the 
associated Legendre polynomial which describes the waves' meridional 
structure) less than 3 are stable at all amplitudes, and for n greater 
7 
than 3 finds critical amplitudes for instability for a number of cases. 
The wave stability studies mentioned above are for highly idealized 
flows. Another approach to the wave stability problem has been to study 
numerically the stability of a climatological mean flow (Simmons et al., 
1983; Branstator, 1983; Frederiksen, 1983 and references therein). 
Frederiksen (1982) took a similar approach, using an instantaneous field 
produced by a nonlinear model as a basic state. While relevant to the 
atmosphere, the results of these studies are necessarily difficult to 
interpret in terms of mechanisms contributing to the instability. O t h e r  
difficulties arising from the use of a climatological mean flow as a b a s i c  
state are discussed by Andrews (1984). Such a basic state includes t h e  
time averaged effect of transient eddies, and must be maintained by 
forcing which may itself affect the stability of the flow. A discussion 
of the philosophical difficulties attendant upon the selection of basic 
states is given by Pedlosky (1987, section 7.1). 
In the sections that follow, barotropic instability is examined f o r  
flows relevant to the stratosphere. Section I is concerned with t h e  
stability of zonally symmetric jets which resemble the polar night j e t  i n  
the Southern Hemisphere winter stratosphere. Observational motivation f o r  
this study is given mainly by the work of Lait and Stanford (1988). T h e i r  
analysis of satellite data reveals the presence of long-lived features 
which travel eastward in a nondispersive manner. Reconstructed s y n o p t i c  
maps show "warm pools" moving around the globe with a period near 4 days. 
Hartmann (1983) speculated that these features may be related to t h e  
8 
quasi-nondispersive poleward modes found in a barotropic model. This 
possibility is investigated further in Section I, using jet profiles taken 
from observational data for the Southern Hemisphere winter. 
Observations show a number of planetary scale traveling wave in the 
winter stratosphere. Hartmann (1976) observed the presence of zonal 
wavenumber 1, 2, and 3 features with periods in excess of a week in the 
Southern Hemisphere winter stratosphere. Several studies (Mechoso and 
Hartmann, 1982; Yu et al., 1984; Randel, 1987) show a quasi-stationary 
wavenumber 1 and an eastward-traveling wavenumber 2 during winter in both 
Northern and Southern Hemispheres. Westward-traveling waves which are 
thought to be Rossby normal modes are also observed in both hemispheres 
(Salby, 1984 and references therein). Given the ubiquity of traveling 
waves in the stratosphere, it is of considerable importance to investigate 
the stability characteristics of such features. In Section II, the 
stability of basic states consisting of a realistic jet profile, and a 
single traveling wave is examined. The basic state waves are chosen to be 
typical of various observed planetary-scale waves in the winter 
stratosphere. 
The numerical techniques used are the same in both sections. The 
linearized, nondivergent, barotropic vorticity equation is solved on a 
sphere using a spectral model. Both basic state quantities and 
disturbance fields are expanded in spherical harmonics to obtain an 
eigenvalue problem for the frequencies and growth rates of unstable 
disturbances. The techniques used follow Baines (1976) and 
9 
Simmons et al. (1983). 
Explanation of Dissertation Format 
The alternate dissertation format is followed, in which papers are 
included which have been or will be submitted to scholarly journals. T h e  
candidate had primary responsibility for both sections. All modeling a n d  
analysis procedures, including all computer programs, were developed by 
the candidate. Section I has been accepted for publication in the J o u r n a l  
of the Atmospheric Sciences, and Section II is to be submitted to the s a m e  
journal. The style required by the Journal of the Atmospheric Sciences i s  
followed in both sections. 
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SECTION I. BAROTEOPIC STABILITY OF REALISTIC STRATOSPHERIC JETS 
Abstract 
The stability of realistic jets is examined in a linearized 
barotropic model on a sphere. Approximately nondispersive modes 
associated with a region of negative basic state absolute vorticity 
gradient on the poleward side of the jet are examined in detail. As in 
previous studies, broader jets and those which peak at higher latitudes 
produce poleward modes that are less dispersive. Jet profiles derived 
from observational data at 10, 5, and 2 mb for three Southern Hemisphere 
winter months are used in the model, and the results are compared with 
quasi-nondispersive features which have been observed in satellite data 
in the Southern Hemisphere winter stratosphere. Characteristics of the 
barotropically unstable modes compare remarkably well with those of the 
observed modes. The barotropic model results for a month in which these 
features are not observed indicate the presence of equatorward modes at 
wavenumbers 3 and 4 which grow considerably faster than the 
quasi-nondispersive poleward modes. We also note the appearance of 
westward moving modes in the summer hemisphere during June, and in 
analytical profiles with realistic global structure. 
Introduction 
Recent analyses of satellite data reveal fast-moving, long-lived 
features in the Southern Hemisphere winter stratosphere (Lait and 
Stanford, 1988a, hereafter LS). In power spectra these features appear as 
zonal wavenumbers 1 through 4 moving with the same phase speed. That 
these features are very nearly nondispersive is verified by the presence 
of~identifiable "warm pools" in reconstructed temperature fields which can 
be traced for many days, sometimes through an entire month. The 
wavenumber 1, 4-day wave associated with this phenomenon was first 
reported by Venne and Stanford (1979, 1982). Hartmann (1983, hereafter 
HA) showed that barotropic instability of a wind profile similar to the 
polar night jet produced a wavenumber 1, 4-day wave, and a wavenumber 2 ,  
2-day wave, with meridional structure similar to that of observed waves. 
Prata (1984) subsequently showed observational evidence for a wavenumber 
2, 2-day wave. 
In this paper, we present further evidence suggesting that these 
features may arise from barotropic instability of the polar night jet, as 
well as noting other barotropically unstable modes which arise from basic 
states taken from observational data. 
One characteristic of observed quasi-nondispersive features which 
makes a barotropic model appealing in studying their possible origins is 
that they show virtually no phase tilt with height (Prata, 1984; LS). The 
model gives solutions to the linearized, nondivergent, barotropic 
13 
vorticity equation on a sphere. While the two-dimensional 
(latitude/longitude) structure of such a model imposes some limitations on 
comparison with observations, the simplicity allows a great variety of 
basic states to be readily examined. 
HA varied the width and strength of the jet profile he used, and 
discussed the effect this had on the periods and e-folding times of the 
unstable modes. The results show wavenumbers 1, 2, 4, and 5 which are 
approximately nondispersive, and are modes associated with a region of 
negative absolute vorticity gradient on the poleward side of the jet. 
Michelangeli et al. (1987) discuss the effect on periods and growth rates 
of changing the peak latitude, strength and width of similar jets. In 
light of recent observations of quasi-nondispersive features (QNDF), these 
factors and others which affect the dispersiveness and growth rates bear 
closer examination. Here we tabulate the effect of these parameters on 
the dispersiveness of poleward modes, and examine the effect of changing 
the skew of the jet. To characterize other barotropically unstable modes, 
we look at profiles similar to HA, but with realistic summer and winter 
hemisphere structure. 
We concentrate on detailed study of results for basic state wind 
fields that are derived from observations. We use two types of wind 
fields: i) zonal winds taken from eight-year averages for June, July, and 
August; and ii) winds for June 1979, August 1979, and August 1980. August 
1979 IS a month in which the satellite data analysis of LS did not 
indicate the presence of QNDF; the other individual months studied are 
14 
ones in which they were present. 
The Model 
The linearized, nondivergent, barotropic vorticity equation on a 
sphere may be written as 
+ j(f', v\ + f) + i ^ r )  =0 (1) 
where 
e 
is the perturbation streamfunction, the basic state s t r e a m f u n c t i o n ,  
f = 2 %  = 2 U s i n < f > ,  A  is longitude,  ^  is latitude, r ^  the mean radius o f  t h e  
earth, and 0 the angular velocity of the earth's rotation. We write t h e  
perturbation streamfunction as 
= X (3) 
m=0 n=m " " 
and expand the basic state wind field, u = wr^cos^, in Legendre 
Polynomials to get the expression 
^b = ^  (4) 
u 
for the basic state streamfunction. Substituting (3) and (4) into (1) 
results in the eigenvalue problem for o = + io\: 
" K H. (5) 
s=m 
(See Appendix for details.) While the spectral method used is more 
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cumbersome for zonally symmetric basic states, its use will facilitate 
later inclusion of zonally asymmetric basic states. 
The number of zeros of an associated Legendre polynomial, P™, between 
II = -1 and /i = 1 is given by (n-m). Since HA used a 1.5X1.5 degree grid 
in his finite-difference model, to obtain a resolution similar to his, a 
truncation at approximately N=120+m would be necessary. Runs with jeta 
similar to those used by HA were run with N = 121, and the results for 
profiles identical to HAs were in agreement with his. In general, 
running successively higher truncations for the type of high latitude jets 
studied here showed that very high truncations, around N = 100 (depending 
on the particular case) were necessary for convergence. Unless otherwise 
stated, runs for profiles with symmetry with respect to the equator are 
made with N = 121, while those for jets without symmetry with respect to 
the equator used N = 90. These values insure results which do not change 
significantly if the truncation value, N, is increased. 
The wind profile used by HA is 
w = U^r~^sech[2(^0^)B~^], (6) 
where and B determine the strength and width of the jet, respectively, 
and is the peak latitude. We use similar profiles to verify and extend 
his results. Two analytical profiles are used: 
i) A skewed jet of the form 
w = U r ^sech[2{<}>-(j> )B ^ ]cos2((^^. ) (j) > ({>.- 45° 
0 e 0 1 1 (7) 
w = 0 (j) < (f)^ + 45° 
16 
which produces a jet similar to (6) which is skewed equatorward if 
and poleward if The skew of a jet is a measure of the asymmetry 
about the axis of maximum jet speed. To measure this asymmetry, we define 
skew as (width equatorward of peak at half maximum)/(width poleward of 
peak at half maximum); thus values less than 1 indicate equatorward s k e w  
and greater than 1 poleward skew. 
ii) A jet of the form 
w = U^rg^{sech[2(^-^^)Bj^^] - Asech[2(^-^^)B2^]} (8) 
which is of the same form as HA, but gives easterlies in the summer 
hemisphere. We use <f>^= 35°, 82=20°, and adjust A to get the desired 
maximum wind speed for the easterly jet. 
The wind profiles derived from observational data were supplied b y  
Dr. W. J. Randel, and were calculated using a gradient wind balance, w h i c h  
has been shown to be considerably more accurate in the stratosphere than 
the geostrophic balance (Randel, 1987a). The values for the eight year 
averages are from Randel (1987b). Winds are used from 10, 5, and 2 m b ,  
corresponding to the levels of weighting function peaks of the satellite 
channels examined by LS. The values at latitudes between 0° and 20° N  a r e  
interpolated from surrounding latitudes, as described in Randel (1987b). 
Data are used for June, July, and August, averaged over 1979 through 1986, 
and for June 1979, August 1979, and August 1980. 
17 
Results 
Analytical .jet profiles 
Results which confirm those of HA and Michelangeli et al. (1987) are 
found using profiles of the form (6). A measure of the dispersiveness o f  
the poleward modes is given in Table 1 for a jet of this form with 
different widths. The dispersiveness is calculated by averaging the z o n a l  
wavenumber times the period for wavenumbers 1 through 6, and calculating a  
standard deviation (expressed as a percent of the average value) about 
this mean. 
We examined three profiles of the form (7). The wind fields and 
absolute vorticity gradients are shown in Fig. 1. Table 2 gives the major 
results for skewed jets. The amount of skew is measured by (width 
equatorward of peak at half maximum)/(width poleward of peak at half 
maximum); thus values less than 1 indicate equatorward skew, greater than 
1 poleward skew, and equal to 1, a symmetric jet. The most pronounced 
effect on the disturbance field is in the case of a jet which is skewed 
equatorward. A region of negative absolute vorticity gradient is produced 
on the equatorward side of the jet, and leads to the appearance of 
equatorward modes similar to those seen by HA for stronger and narrower 
jets. 
Two cases were run for the jet of eq. (8): case I, for = 150 m/s, 
= 20°, (f>^= 60°, and (j)^= 35°; and case II, for = 180 m/s, = 10°, 
18 
Table 1. Dependence of the dispersiveness of poleward modes on the width 
of the let. This is for the jet of (6), with = 180, 
<j>^ = 60 . Dispersiveness is calculated by averaging zonal 
wavenumber times period for m = 1 through 6, and calculating a 
standard deviation about that mean (expressed as a percent) 
B %dispersiveness 
10 8.0 
15 5.0 
20 4.4 
25 4.0 
19 
Skewed Jets 
80.0-
60.0-
TJ 
40.0 
20.0-
0.0 
50.0 0.0 10.0 20.0 30.0 40.0 60.0 70.0 80.0 90.0 
Latitude (degrees) 
Figure la. Basic state wind profiles for skewed jets of the form (7), 
with (f> = 60°, B = 20. Solid line is for (}>. = 45°, dashed 
line, = 90 , and dotted line, (f>^ = 60° 
20 
Skewed Jets 
4.0-
1— 
"Ô 
«0 
w 
0 
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o 
5 
S -2.0-
< 
4.0 
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Figure Ib. Basic State absolute vorticity gradients for skewed jets of 
the form (7), with <j> = 60°, B = 20. Solid line is for 
= 45°, dashed line, <f>^ = 90 , and dotted line, (j>^ = 60 
21 
Table 2. Dependence of characteristics of unstable modes on the skew of 
the jet. Jet profiles are from (7). Skew is calculated as 
(width equatorward of peak at half maximum)/(width poleward of 
peak at half maximum); values greater than 1 indicate poleward 
skew, less than 1, equatorward skew. Equatorward modes are 
written m(period, e-folding time), where m is the zonal 
wavenumber. See Fig. 1 for details of structure and absolute 
vorticity gradients for these jets 
, equatorward 
Umax ^1 skew wavenumber modes 
1 2 3 m(Tj., T.) 
87 45° 1 .32 T 
T. 
3.50 
5.07 
1.95 
5.12 
1.30 
8.38 
79 60° 1 
o
 
o
 T 
T. 
3.65 
6.17 
2.01 
7.44 
1.26 
14.8 
67 90° 0 76 T 3.69 1.97 1.31 2(31.5, 2 54) 
Ti 8.14 7.33 8.96 3(5.83, 1 
4(3.61, 2 
45) 
30) 
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60°, and <f>^= 35°. The wind field and absolute vorticity gradient for 
case I are shown in Fig. 2. In case I, the summer hemisphere jet has a 
maximum wind speed near 50 m/s; in case II, near 45 m/s. The realistic 
global structure allows the appearance of westward-moving modes associated 
with a region of negative vorticity gradient produced by the easterly jet. 
The fastest growing modes of this type are at higher wavenumbers. Using 
the notation wavenumber(period, e-folding time) to designate an unstable 
mode, in case I, the most unstable modes are 4(-1.96, 2.32), and 5(-1.67, 
2.30). In case II, the most unstable modes are 5(-1.94, 2.90), and 
6(-1.67, 3.65). The meridional structure of the wavenumber 4 and 5 modes, 
and the mode 3(-2.40, 7.03) in case I are shown in Fig. 3. We will 
comment further later on how these modes may compare to observed features. 
To summarize the results for analytical jet profiles, we find: 
* Decreasing the width of a jet causes the poleward modes to become 
more dispersive, both poleward and equatorward modes become more unstable, 
the most unstable poleward mode shifts from wavenumber 1 to wavenumber 2, 
and, for sufficiently narrow jets, the equatorward modes become most 
unstable. 
* Increasing the strength of a jet causes the modes to grow faster 
and decreases the period, but has no discernible effect on the 
dispersiveness. 
* Decreasing the latitude of the peak of a jet causes the poleward 
modes to become more dispersive, and more stable. These three points 
confirm the results of HA and Michelangeli et al. (1987). 
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Figure 2a. Basic state wind field for the jet of (8), with realistic 
global structure, case I: U^= 150, B^= Bg= 20 
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Figure 2b. Absolute vorticity gradient for the jet of (8), with 
realistic global structure, case I: U = 150, 
B^= Bg= 20 ° 
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Figure 3. Meridional structure of westward-moving modes with wavenumbers 
3, 4, and 5 (solid, dashed, and dotted lines, respectively) 
for a wind profile of the form (8), with U = 150, 
B_ = B_ = 20, ^  = 60°, and (f>. = 35 . Amplitudes are 
normalized to 1° 
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* Changing the degree of asymmetry of a jet about the axis of maximum 
wind speed has no conclusive effect on the dispersiveness (it is difficult 
to change this in analytical profiles without altering other 
characteristics in the process). For jets which are skewed towards the 
equator, the equatorward modes become the most unstable modes. For the 
jet which is skewed towards the equator, the fastest growing poleward mode 
is wavenumber 2 rather than wavenumber 1. As expected, poleward modes 
grow fastest when the jet is skewed towards the pole. These results are 
consistent with the absolute vorticity gradients shown in Fig. lb. 
Wind profiles from observational data 
Table 3 summarizes characteristics of the jet profiles derived from 
observational data, in terms of width (full-width at half maximum), 
maximum speed, latitude of peak, and skew (calculated as described 
earlier). Figure 4 shows the wind profiles at 10, 5, and 2 mb for the 
three individual months studied, and the associated absolute vorticity 
gradients. Table 4 summarizes the major results of these studies. A 
point of particular interest is the differences between the jet profiles 
and results for August 1979, when QNDF were not observed, and other months 
when they were observed. Some differences in the zonal wind fields have 
been noted previously by LS from plots of geostrophic winds given by 
Mechoso et al. (1985). In August 1979, the jet is somewhat narrower and 
skewed equatorward. This leads to the appearance of a region of negative 
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Table 3. Characteristics of jet profiles from observational data. Width 
is full width at half maximum, strength the maximum wind speed, 
latitude is that of maximum wind speed. Skew is calculated as 
in Table 2, and values greater than 1 indicate poleward skew, 
less than 1 equatorward skew. See Fig. 4 for wind profiles and 
absolute vorticity gradients 
case width strength latitude skew 
(degs.) (m/s) (degs.) 
average June 10 mb 35 58 60 1.3 
5 mb 40 70 50 1.1 
2 mb 45 85 45 .97 
average July 10 mb 40 73 58 1.1 
5 mb 35 82 55 1.2 
2 mb 40 92 50 1.0 
average Aug. 10 mb 30 80 55 1.0 
5 mb 30 85 55 1.0 
2 mb 40 82 55 1.1 
June 1979 10 mb 37 65 60 1.1 
5 mb 45 70 54 1.0 
2 mb 52 85 45 .91 
Aug. 1979 10 mb 32 78 54 .75 
5 mb 34 83 55 .83 
2 mb 37 80 53 .85 
Aug. 1980 10 mb 35 78 54 1.2 
5 mb 40 88 52 1.1 
2 mb 45 90 47 1.0 
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Figure 4a and 4b. (a) Zonal wind profile and (b) absolute vorticity 
gradient for June 1979. Solid line is at 10 mb, 
dashed line at 5 mb, and dotted line at 2 mb 
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Table 4. Summary of results for cases with jet profiles from observational 
data. Unstable modes are identified as m(period, e-folding time), 
where m is the zonal wavenumber. ( )* indicates modes with 
e-folding times greater than 50 days. 
case %disp. 
most unstable 
mode 
most unstable 
poleward mode comments 
average 10 mb 2.7 1(4.21, 25.2) 1(4.21, 25.2) (5, 6)* 
June 5 mb 5.8 1(4.23, 15.2) 1(4.23, 15.2) (4, 5)*; 6 missing 
westward modes exist 
2 mb 6.6 1(3.99, 13.9) 1(3.99, 13.9) westward modes exist 
average 10 mb 4.2 1(3.71, 12.5) 1(3.71, 12.5) (6)*; 5 missing 
July 5 mb 3.7 1(3.43, 12.8) 1(3.43, 12.8) 
2 mb 10. 2(1.68, 12.1) 2(1.68, 12.1) (6)*; 
westward modes exist 
average 10 mb 4.5 1(3.32, 11.4) 1(3.32, 11.4) (6)* 
Aug. 5 mb 2.1 2(1.56, 11.8) 2(1.56, 11.8) 
2 mb 5.0 2(1.65, 4.41) 2(1.65, 4.41) higher wn more unstable 
than wn 1 
June 10 mb 3.8 1(3.66, 11.7) 1(3.66, 11.7) (5, 6)* 
1979 westward modes exist 
5 mb 3.0 3(-4.32, 10.0) 1(3.40, 15.7) (2, 6)*; 5 missing 
westward modes most 
unstable 
2 mb 8.5 4(-2.53, 7.92) 2(1.73, 9.28) westward modes most 
unstable 
Aug. 10 mb 2.7 3(4.77, 3.01) 1(3.43, 14.0) also 4(2.99, 4.31) 
1979 5 mb 9.4 3(3.96, 3.28) 2(1.98, 10.3) also 4(2.50, 3.99) 
2 mb 5.1 4(2.08, 4.77) 2(1.69, 4.92) also 3(3.28, 6.67) 
Aug. 10 mb 
1980 5 mb 
2 mb 
3.2 2(1.84, 
2.4 2(1.65, 
5.8 2(1.87, 
7.61) 2(1.84, 
9.17) 2(1.65, 
4.92) 2(1.87, 
7.61) 
9.17) (6)* 
4.92) 
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vorticity gradient on the equatorward side of the jet (Fig. 4d), and 
unstable modes associated with this region. The equatorward modes with 
wavenumbers 3 and 4 are most unstable in this case, in contrast to the 
other two individual months studied, where the equatorward modes do not 
appear. 
In June 1979, the quasi-nondispersive poleward modes are not present 
at all the wavenumbers examined (1—6) at 5 mb, and none of the unstable 
modes has a growth rate comparable to those for August 1980. 
Figure 5 shows the latitudinal structure for the most unstable 
poleward mode for each month at 10 mb; Fig. 5b also shows the most 
unstable mode for August 1979, which is the equatorward wavenumber 3. In 
the other cases shown, the poleward mode plotted is also the most unstable 
mode. Maximum amplitude is normalized to 1. 
The most unstable modes at 5 mb and 2 mb for June 1979 are 
westward-moving modes associated with the easterly jet in the Northern 
Hemisphere. The model was also run with 1 mb winds for June 1979 (with 
truncation at N = 75), and westward-moving modes result at wavenumbers 1 
through 4; the periods and e-folding times are l(-8.85, 12.7), 2(-4.25, 
7.40), 3(-2.72, 9.08), and 4(-2.01, 13.2). Figure 4b shows a region of 
negative absolute vorticity gradient in the Northern Hemisphere from which 
these modes arise. Figure 6 shows the meridional structure for 
wavenumbers 3 and 4 at Imb. The structure is similar to that shown in 
Fig. 3 for the results of an analytical wind profile with a realistic 
global structure. 
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Figure 5a. Meridional structure of most unstable poleward mode at 10 mb 
for June 1979 (wavenumber 1). Amplitude is normalized to 1 
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Figure 5b. Meridional structure of most unstable poleward mode at 10 mb 
for August 1979 (wavenumber 1; the most unstable mode is the 
equatorward wavenumber 3 and is plotted as a dashed line). 
Amplitudes are normalized to 1 
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Figure 5c. Meridional structure of most unstable poleward mode at 10 mb 
for August 1980 (wavenumber 2). Amplitude is normalized to 1 
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Figure 6. Meridional structure for westward-moving modes with 
wavenumbers 3 (solid line) and 4 (dashed line) at 1 mb for 
June 1979. Amplitudes are normalized to 1 
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Discussion 
Many of the results summarized above concerning the effect of various 
parameters on the dispersiveness of barotropically unstable modes can be 
understood in the following manner. If the barotropic vorticity equation 
is written as 
ft  ^ + {2" - \[} Ë = ° (9) 
where the subscript [i represents the derivative with respect to that 
quantity, we identify the last term as the dispersive term. The term C = 
2 — {2n - [(1-/X )w ] }, which is the absolute vorticity gradient divided by 
Hfi 
cos(f>, is near zero over the region occupied by the unstable poleward 
modes, due to the requirement for a critical latitude (where mw - = 0) 
near the latitude where the potential vorticity gradient reverses sign, 
and because these modes are confined near the pole (Lindzen and Tung, 
1978; Tung, 1981). Because of this, the poleward modes will always be 
relatively nondispersive, but wind profiles for which C departs from zero 
more slowly will give less dispersive features. To assess this effect we 
integrate C over a specified latitude range typical of the meridional 
extent of the poleward modes for various cases. This gives an "average 
basic state vorticity" over that range, which measures how quickly the 
basic state absolute vorticity gradient departs from zero. Figure 7 shows 
a plot of the planetary vorticity gradient (dashed line), and the relative 
basic state vorticity gradient, each integrated over the latitude range 
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dashed line) and of [(1- n )w] (relative vorticity gradient, 
solid line) with respect to n over the latitude range 55—85°. 
This is for a jet of the form (6) with U = 150, <}> = 60°, 
plotted as a function of B, which measures the wid?h of the 
jet 
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55—85°, as a function of the width of the jet. This is for the jet of 
(6), with = 150, (j>^ = 60°. Figure 7 shows that for typical values 
(B = 10 to 30), increasing the width of the jet should render the unstable 
modes less dispersive (the difference between the two terms shown is 
smaller). Lowering the latitude of the peak of the jet would allow the 
meridional extent of poleward modes to be greater, giving modes which are 
more dispersive. These effects are reflected in the results summarized 
above. 
Because they are nearly nondispersive, if several of the poleward 
modes are present, the result would appear as a coherent feature moving 
around with a single phase speed. This same type of behavior appears in 
observations of QNDF (LS). The meridional structure also agrees very well 
with the observations of LS, being confined to high latitudes, and peaking 
near 60 to 70° latitude. 
The above results suggest that, if QNDF arise from barotropic 
instability, we expect them to appear at times when the polar night jet is 
comparatively broad and peaked at high latitudes, and is either symmetric 
or skewed poleward. These are conditions where there will be a region of 
negative absolute vorticity gradient only on the poleward side of the jet, 
and the unstable modes should be least dispersive. A stronger jet will 
produce modes which are more unstable and have shorter periods. Table 3 
and Fig. 4c show that for August 1979, when QNDF do not appear, the jet is 
narrower, and skewed equatorward. As these characteristics suggest, there 
is a region of negative absolute vorticity gradient on the equatorward 
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side of the jet (Fig. 4d), with which the most unstable modes in this case 
are associated. None of the wind profiles studied for other months, or 
for the eight year averages, shows a region of negative vorticity gradient 
on the equatorward side of the jet. Examination of geostrophic winds 
calculated by Hartmann (1976) for 1 July to 5 July, 1973, when Prata 
(1984) observed QNDF, indicates that the jet at these levels was 
symmetric, or slightly skewed poleward. This suggests that a significant 
difference in the August 1979 results may be the presence of quickly 
growing equatorward modes. Since poleward modes are still present in t h e  
model results, one might speculate either that nonlinear interactions 
between poleward and equatorward modes eventually destroy the coherent 
character of the poleward modes, or that the presence of equatorward modes 
renders conditions unfavorable for the appearance of poleward modes. T h a t  
t h e r e  i s  a  d r a m a t i c  d i f f e r e n c e  b e t w e e n  t h e  r e s u l t s  f o r  t h i s  m o n t h ,  a n d  f o r  
those in which QNDF are observed suggests that further study of the 
effects of this difference on the existence of unstable poleward modes, 
and on observations of QNDF, would be illuminating. 
LS found periods ranging from 3.4 to 4.3 days for QNDF observed 
during August 1980. The time for a mode to encircle the globe (period 
times wavenumber) for poleward modes in the model during August 1980 
ranges from 3.2 to 3.7 days. As previously noted, the poleward 
barotropically unstable modes must have a critical latitude, where 
mw - a^= 0, near the point where the vorticity gradient changes sign. 
Prata (1984) suggested, using a comparison with wind fields calculated 
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using the geostrophic approximation, that QNDF move more slowly than the 
basic wind field. The geostrophic approximation has been shown to 
overestimate zonal winds in the stratosphere by as much as about 10 m/s 
(Randel, 1987a). The wind fields used here for June 1979 and August 1980 
take 2.7 to 4.0 days to encircle the globe in the latitude range where 
QNDF peak; thus it is not clear that QNDF can be said to be moving slower 
than the background wind field. However, the features do travel more 
slowly than the peak wind speed. Consequently, there exists a critical 
latitude in the region between the jet maximum and the pole for the 
observed phenomena, consistent with the barotropic instability explanation 
for their origin. 
Periods observed for QNDF are somewhat longer than those in the model 
results. In a nonlinear problem, barotropic instability would have the 
effect of broadening and weakening a narrow jet (Pedlosky, 1987). Thus, 
if QNDF originate from barotropic instability, and if nonlinear effects 
act so as to maintain these features for an extended time, one might 
expect the observed periods to be longer than those resulting from a 
linear model. Since a broader jet produces modes which are less 
dispersive, these effects might also enhance the nondispersive character 
of such features. 
Westward-moving modes associated with the easterly jet in the summer 
hemisphere appear both in analytical profiles, and in results for jet 
profiles taken from observational data for June 1979. The meridional 
structure of westward-moving modes is generally quite broad, peaking 
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around 10—40° latitude, and frequently having secondary peaks, as shown 
in Figs. 3 and 6. It is not clear whether these modes correspond to any 
observed features in the summer stratosphere. Much observational evidence 
has been presented for a wavenumber 3, 2 day westward-moving wave which 
has peak amplitude in the summer mesosphere (Rodgers and Prata, 1981; 
Burks and Leovy, 1986). Burks and Leovy (1986) also report a 
westward-moving wavenumber 4 with a period of about 1.8 days, and 
wavenumber 1 with about a 9 day period. These waves also appear in the 
upper stratosphere, and Lait and Stanford (1988b) observed wavenumbers 1 
and 4 with these periods in data from SSU-2, which peaks at about 5 mb. 
Rodgers and Prata (1981) reported that the 2 day wave shows little or no 
vertical phase tilt. Neutral normal mode (Salby, 1981) and instability 
(Plumb, 1983; Pfister, 1985) explanations have been offered, but the 
observations are not sufficiently detailed to determine the mechanism. 
Pfister (1985) studied the stability of basic state wind fields with both 
vertical and horizontal structure typical of the mesospheric easterly jet, 
and found unstable modes which are primarily baroclinic with wavenumbers 3 
and 4 that have periods similar to those observed by Burks and Leovy 
(1986), but are trapped at high latitudes. Our results show that 
barotropic instability of a jet similar to that in the summer hemisphere 
upper stratosphere and mesosphere produces modes with some of the features 
of these westward moving modes. The periods at wavenumbers 3 and 4 are 
somewhat longer than those of observed modes. These periods depend mainly 
on the strength of the easterly jet; the values used in studies of 
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analytical jet profiles with realistic global structure are more typical 
of values at higher altitudes than the profiles used from observational 
data, or of values in the Southern Hemisphere during January, where Randel 
(1987b) shows easterlies of about 50 m/s at 2 mb. These values still give 
periods which are slightly longer than those observed. Further study of 
realistic latitudinal wind structures, and the effect of vertical 
variations would be necessary to determine whether these model results are 
related to observed waves in the summer hemisphere. 
In comparing the résulta of this model with observations, one must 
observe several cautions. An obvious limitation is that the model is 
linear; thus, we can only expect to explain the origin of observed 
features, and not their subsequent life-cycle. Another limitation is the 
two-dimensional (latitude/longitude) nature of the model. Pfister (1979) 
showed that, while vertical mean flow variations have very little effect 
on the horizontal structure of barotropically unstable modes, they may 
reduce the growth rates by as much as 40%. HA also found a reduction in 
growth rate for a wind profile with the horizontal structure of eq. (6). 
In the case HA presented, the reduction was about 25%. Thus, if vertical 
variations were included, the growth rates in our results would be 
expected to be significantly slower. Also, we are assuming that the 
streamfunction in our two-dimensional model gives meridional structures 
similar to those for temperature in a three-dimensional case, since a 
two-dimensional model cannot predict temperature variations directly. 
Another consideration is that the wind profiles we have used are 
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averages over the entire month in question. The wind field on a 
particular day, or averaged over a few days, may be barotropically 
unstable, while that averaged over the entire month is stable. In 
particular, one expects there to be a time early in the winter when it 
first becomes unstable. Examination of a latitude-time plot of the zonal 
wind for 1979 (Randal, 1987b) shows that at 10 mb and 60°S, the zonal wind 
increases from about 55 m/s to 75 m/s from the beginning to the end of 
June. At 1 mb, the increase at this latitude is somewhat less dramatic, 
from about 60 m/s to 70 m/s. One would expect to see modes which were 
more unstable if data could be used for a shorter time near the end of 
June. Also, the observational results for QNDF are averages over a month, 
or, in some cases, over an entire season. Most of these results show 
little latitudinal phase tilt, although Prata (1984) shows westward and 
equatorward phase tilt in some cases. One expects to see westward and 
equatorward phase tilt during a time of barotropic growth (HA), but it is 
not expected that average results would show that feature consistently. 
Comparing the wind fields and model results for the three individual 
months studied to those for eight-year averages for June, July, and August 
(Tables 3 and 4), we see that average conditions are generally favorable 
during these months for the appearance of the quasi-nondispersive poleward 
modes as the most unstable modes in the model. Examination of zonal wind 
fields (Randel, 1987b) for the Northern Hemisphere winter shows that 
December is the only month where the strength of the jet in the 
stratosphere approaches that for the Southern Hemisphere winter (at 2 mb, 
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the maximum wind speed is about 55 m/s); thus, one might not expect to 
observe QNDF during a typical Northern Hemisphere winter. More extensive 
observational studies which relate details of observed wind fields to the 
presence or absence of QNDF would be helpful. 
Summary and Conclusions 
Various basic state wind profiles, both analytical and from 
observational data, have been studied on a sphere in a nondivergent 
barotropic model. Broader jets and jets which peak at higher latitudes 
give rise to barotropically unstable poleward modes which are less 
dispersive than for other cases. A realistic global structure introduces 
westward-moving modes associated with the easterly jet in the summer 
hemisphere. Unstable modes arising from skewed jets have also been 
examined. Equatorward skew results in a region of negative absolute 
vorticity gradient on the equatorward side of the jet, and, consequently, 
the appearance of equatorward modes. 
A comparison is made between the unstable poleward modes resulting 
from the analysis of basic states taken from individual months of d a t a  a n d  
quasi-nondispersive features observed by LS in the Southern Hemisphere 
winter stratosphere during those months. The agreement between the 
general features suggests that observed QNDF may initially arise from 
barotropic instability of the polar night jet stream. That some 
wavenumbers are missing in the barotropic model results for June 1979 
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suggests that examination of wind fields for individual days might reveal 
a time during that month when conditions first become favorable for the 
appearance of these features. The structure of wind profiles for 
eight-year averages during June, July, and August is typical of that 
favoring the appearance of quasi-nondispersive poleward modes as the most 
unstable modes in a barotropic model. 
The structure of the jet during a month when QNDF are not observed 
produces rapidly growing equatorward modes at wavenumbers 3 and 4 in the 
model. This suggests that either nonlinear interactions may destroy QNDF, 
or that the presence of this type of wavenumber 3 or 4 may inhibit the 
growth of quasi-nondispersive poleward modes. Work in progress examining 
barotropic stability of basic states which include a wave may shed some 
light on the latter possibility. 
Nonlinear effects will undoubtedly be important in explaining the 
maintenance of features such as those observed by LS. However, linear 
barotropic instability of the polar night jet does give rise to features 
which have all the characteristics of the QNDF observed in the polar 
winter stratosphere. 
The presence of unstable modes associated with the Northern 
Hemisphere easterly jet during June in the upper stratosphere is noted, 
and similar features appear for an analytical profile with realistic 
global structure typical of the summer mesosphere and upper stratosphere. 
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Appendix. Expansion of Basic Wind Field; the Eigenvalue Problem 
We assume that the jet profile may be expanded in the form of eq. 
(4). To determine the coefficients a^, we substitute (4) into 
" - 7. 3? 
e 
(Al) 
and, as in Bourke et al. (1977), define 
U = u cos(f> (A2) 
to obtain 
where 
U = I U^P/p) 
"f = r { } 
e 
(A4) 
(A3) 
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and 
= [ y2/(4y2 
Transforming (A3) by applying the operator 
/.j{ IV""* (AS) 
we obtain the expression for the basic state streamfunction coefficients: 
= / / ' UP^(M)dM (A6) 
— 1 
The integrals in (A6) are evaluated using Gaussian quadrature. The number 
of Legendre polynomials used in the expansion, and the number of Gaussian 
latitudes is chosen so as to make the difference between the actual and 
expanded wind fields less than 1%. Data for real wind fields are given at 
40 Gaussian latitudes; thus a 40 point Gaussian quadrature is used in 
these cases. 
The coefficients of the eigenvalue problem (5) are given by 
1 dp 
The integrals given in (A7) can be written as a sum of integrals of triple 
products of Associated Legendre Polynomials (Silberman, 1954), and these 
can be evaluated analytically as products of Clebsch-Gordan coefficients 
(Edmonds, 1974). 
The eigenvalue problem is solved using the EISPACK package of 
subroutines (Smith et al., 1976). 
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SECTION II. BAROTROPIC INSTABILITY OF BASIC STATES WITH A 
REALISTIC JET AND A WAVE 
Abstract 
Planetary scale waves are a predominant feature of the winter 
stratosphere. It is therefore of considerable interest to study the 
stability characteristics of zonally asymmetric basic states which include 
waves resembling observed features. In this paper, we examine the 
stability of basic states consisting of a jet similar in structure to the 
polar night jet and a single traveling wave in a nondivergent barotropic 
model on a sphere. Basic state waves are chosen to resemble observed 
features. Results are presented for growth rates and energy conversion 
for the most unstable disturbances as a function of the amplitude and 
frequency of the basic state wave. These results show ranges of basic 
state wave amplitude where the total basic state is more stable than a 
zonally symmetric basic state with the same jet profile, and also ranges 
where it is more unstable. At very small basic state wave amplitudes, the 
stability characteristics differ markedly from those for the zonally 
symmetric problem only when the phase speed of the basic state wave is 
near that of a free mode of the zonally symmetric problem. The structure 
of the disturbance streamfunction is shown for several cases, and 
suggestions are made as to how the results may apply to the winter 
stratosphere. 
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Introduction 
Traveling planetary scale waves are ubiquitous in the winter 
stratosphere. Hartmann (1976) studied the structure of the Southern 
Hemisphere stratosphere during late winter, and observed a circulation 
dominated by wavenumbers 1 and 2 with propagation periods in excess of two 
weeks. He also reported an eastward traveling zonal wavenumber 3 
component with a period near 6 days. The quasi-stationary wavenumber 1 
and eastward-traveling wavenumber 2 present in the winter and spring have 
been extensively reported in both Southern and Northern Hemispheres 
(Mechoso and Hartmann, 1982; Randel, 1987; Yu et al., 1984). 
Westward-moving waves identified with Rossby normal modes, such as the 
"5-day wave" and the "16-day wave" have been observed throughout the 
stratosphere (Salby, 1984 and references therein). Other planetary scale 
disturbances observed include quasi-nondispersive features at high 
latitudes (Lait and Stanford, 1988), which consist of wavenumbers 1 
through at least 4 and move around the globe in about 4 days. 
Since the structure of the stratosphere is verifiably zonally 
asymmetric, it is important to study the stability of basic states which 
include waves resembling those that are observed. In this paper, we 
examine the barotropic stability characteristics of zonally asymmetric 
basic states which may include a jet with meridional structure similar to 
the polar night jet, and a traveling wave of a type relevant to the winter 
stratosphere. A barotropic nondivergent model is chosen due to its 
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simplicity, and because several of the observed waves mentioned above, 
most notably the quasi-nondispersive features observed by Lait and 
Stanford (1988), are equivalent barotropic in structure. The simplicity 
of the model allows examination of a number of relatively realistic basic 
states. 
Barotropic instability of the polar night jet has been examined in a 
zonally symmetric model by Hartmann (1983), and by Manney et al. (1988). 
Hartmann (1983) used a hyperbolic secant jet profile with strengths and 
widths typical of the polar night jet, and examined the dependence of 
stability characteristics on these parameters. Similar jet profiles were 
used by Michelangeli et al. (1987) to examine barotropic stability on Mars 
and Venus. Manney et al. (1988) extended the study of Hartmann to include 
jet profiles that are asymmetric about the jet axis, and jets with a • 
realistic summer arid winter hemisphere structure, and concentrated on 
analyzing jet profiles which were taken from individual months of 
observational data. These studies show unstable modes at wavenumbers 1 
through 6 at high latitudes which are approximately nondispersive, and 
have periods such that they encircle the globe in about 4 days. Some jet 
profiles also give rise to unstable modes on the equatorward side of the 
jet, with considerably longer periods. 
The basic states used in barotropic wave stability studies have 
generally been of two types, either highly idealized flows with a single 
wave, or climatological mean states. Lorenz (1972) examined the stability 
of a pure, zonally propagating Rossby wave on a beta plane. Other 
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reports, such as Hoskins (1973), Gill (1974), and Baines (1976), also used 
idealized basic state flows consisting of a single free wave. The studies 
of Hoskins (1973) and Baines (1976) examined the linear stability of a 
Rossby-Haurwitz wave on a sphere. At the other extreme, there have been 
several studies, such as those of Simmons et al, (1983) and Branstator 
(1983) which used as a basic state a climatological-mean flow typical of a 
particular month or season. However, the use of an averaged state implies 
that effects from transient eddies and forcing are included in the basic 
state (Andrews, 1984). 
In view of the numerous philosophical difficulties attending the 
selection of a basic state, we choose an intermediate approach combining 
some aspects of each of those discussed above. The basic state here is 
defined to include a realistic jet profile, as used by Manney et al. 
(1988), and a single spherical harmonic wave traveling with a specified 
frequency. The inclusion of a traveling wave in the basic state is 
relevant to observed features in the stratosphere. While the use of a 
single wave means that meridional structures of the waves are not entirely 
realistic, the waves used are chosen with maximum amplitudes at latitudes 
typical of observed features. 
Several general questions are addressed. What is the effect of small 
amplitude basic state waves on unstable modes which arise from a zonally 
symmetric basic state? What happens to the structure and growth rates of 
unstable features as the basic state wave amplitude is increased? How do 
growth rates change as a function of basic state wave frequency? What 
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differences result from including basic state waves with a particular 
frequency and zonal wavenumber, but different meridional structures? We 
also examine the relative contribution to the energy of the disturbance 
from each part of the basic state. Finally, we will discuss the relevance 
of our results to observed features in the winter stratosphere. 
The Model and Calculations 
The linearized, nondivergent, barotropic vorticity equation on a 
sphere may be written in a coordinate system rotating with the angular 
velocity Wy (following Baines, 1976) as 
^ V^^') + J(^', + f) + 2Wy ^  = 0 (l) 
where 
\ B - & Ê ) ' ^2) 
e 
4'' is the perturbation streamfunction, the zonally varying basic state 
streamfunction, f = 2Ufi = 2Usin(j>, A is longitude, (f) is latitude, r^ the 
mean radius of the earth, and H the angular velocity of the earth's 
rotation. In this coordinate system, the basic state streamfunction is 
written as 
K = ^ bj + ^ bw = + 2APjcospA. (3) 
Thus, the basic wave, denoted by P^cospA, is traveling with an angular 
phase speed of Wy, or a frequency of pw^, with respect to the earth, 
is a realistic zonally symmetric jet profile, and is expanded in Legendre 
polynomials as described in Manney et al. (1988). The perturbation 
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streamfunction is expanded in spherical harmonics as 
. % 'T" . (4) 
m=-M n=Im I 
Substituting (3) and (4) into (1) results in an eigenvalue problem for o. 
For computational efficiency, the basic state strearafunctions are chosen 
to be antisymmetric with respect to the equator (odd), so that modes with 
n-m even and n-m odd are decoupled. In most cases, we show the results 
for odd features (disturbances with a streamfunction that is antisymmetric 
with respect to the equator). The formulation of the eigenvalue problem 
is given in Appendix A. 
The growth of kinetic energy of the disturbance field can be 
written as 
IP = CKX + CKYW + CKYJ, (5) 
where CKX represents energy conversion due to zonal variations in the 
basic state, CKYW conversion due to meridional variations of the wave part 
of the basic state, and CKYJ conversion due to the jet. Calculations of 
the energy conversion are very sensitive to slight changes in the 
eigenvectors. The forms of CKX, CKYW, and CKYJ, and a discussion of some 
difficulties in calculating these quantities are given in Appendix B. The 
results we present show CKX/|CKYJ| and CKYW/|CKYJ|, thus giving the energy 
conversion from the wavy part of the basic state relative to that of the 
jet part, with positive values indicating that the disturbance is 
receiving energy from the basic state wave. As discussed in Appendix B, 
the values presented give the approximate magnitude (within about 15%) and 
indicate the type of behavior. 
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It was noted by Manney et al. (1988) that very high meridional 
truncations (N values) were necessary to capture the behavior of unstable 
modes arising from high latitude jets. This difficulty was also noted by 
Grotjahn (1987), in a three-dimensional model using similar expansions in 
the horizontal. He showed that growth rates decrease as the truncation 
increases, and that rhomboidal truncation at wavenumber 30 (M = N = 30) 
may not be adequate for some flows. Because of these characteristics, we 
do not use a standard rhomboidal truncation, but rather one with a larger 
number of meridional components. Except where otherwise mentioned, the 
truncation used is M = 10, N = 35. This meridional truncation is 
sufficiently high that the unstable modes arising from a zonally symmetric 
jet of the type we use are all represented, although the wavenumber 3 
through 6 modes have growth rates considerably faster than at higher 
truncations. Tests with different zonal (M) truncations show that only 
unstable features with most of their amplitude at zonal wavenumbers 
greater than 7 are significantly affected by the truncation at M = 10. 
Changing the meridional truncation (N) has a greater effect; increasing N 
leaves the most unstable disturbances in each case relatively unaltered, 
but other more stable features may no longer appear. Thus, we concentrate 
our analysis on the most unstable eigenvalues and their associated 
eigenvectors, or a few which are most unstable. 
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Results 
Basic states 
The procedure followed is to use a fixed jet profile, and to run the 
model with different values for the amplitude, phase speed, zonal 
wavenumber, and meridional structure of the basic state wave. Except 
where otherwise noted, the jet profile used is 
w = U r~^{sech[2(^ - ^  )B 
°  ®  °  ( 6 )  
+ sech[2((^ + ]}, 
with = 150 m/s, B = 20°, and <f>^ = 60°. This is the form used by Manney 
et al. (1988), and Hartmann (1983), and the resulting unstable modes are 
discussed in those papers. Briefly, modes appear that are associated with 
a region of negative absolute basic state vorticity gradient on the 
poleward side of the jet, are confined near the pole, and are 
approximately nondispersive. At the truncation used here (N = 35) the odd 
(n-m) modes have periods such that it takes about 3.6 d to move around the 
globe. The meridional structure is qualitatively the same as found at the 
higher truncations used by Manney et al. (1988). 
The meridional structures of (the wave part of the basic state) 
are those of the associated Legendre polynomials P^, Pg, Pg, P^, and the 
sum Pj+Pg. The meridional structure of the P^ is similar (in position of 4 b 4 
maximum amplitude) to both the observed quasi-stationary wavenumber 1 
(Randel, 1987), and the fast-moving, quasi-nondispersive feature (Lait and 
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3 Stanford, 1988). The Pg structure is similar to the wavenumber 3 reported 
g 
by Hartmann (1976), and the is included to compare the effects of 
different meridional structures. As a preliminary step, the approximate 
critical amplitude for instability is determined for a basic state 
consisting only of a traveling wave that is later used as the wavy part 
of the basic state containing a jet and a wave. This is done by running 
the model several times, increasing the amplitude of the basic state wave 
each time until instability results. 
The spectral distribution of amplitudes is shown for several cases. 
The results from the symmetric problem have, of course, the simplest 
possible zonal structure, since each zonal wavenumber is independent; they 
possess, however, a very complicated meridional structure. In contrast, 
results from cases where the basic state contains only a wave show 
complicated zonal structures, and much simpler meridional structures. 
Emphasis is on the effects of including a wave in a basic state in 
which the westerly jet is the dominant structure. We discuss the higher 
wavenumber cases first, since the results have some simpler properties, 
and then the wavenumber 1 cases. 
Wavenumber s greater than 1^ 
The orthogonality conditions for spherical harmonics are such that a 
wave with zonal wavenumber p will interact only with other components that 
have zonal wavenumbers m and r given by p = m ± r. Figure 1 shows the 
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Figure 1. Spectral amplitudes for an unstable disturbance of a basic 
state consisting of a jet given by (6), with = 150 m/s, 
B = 20°, and = 60° (the default jet), and a wave given by 
PgCos4A, with a basic state wave phase speed of 
- 4.9 X 10 ® rad/s (westward moving). The axes are m, the 
zonal wavenumber, and (n-m) which represents a "meridional" 
wavenumber. The disturbance amplitude scale is arbitrary 
since the values plotted are the result of an eigenvalue 
analysis 
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consequence of this condition when a jet and a small amplitude wave are 
included in the basic state. The distribution of spectral amplitudes for 
an unstable disturbance whose streamfunction is antisymmetric with respect 
to the equator (an "odd" disturbance) is shown for a basic state wave with 
the Pg structure, which is moving westward with a phase speed of 
-4.9 X 10 ® rad/s. This structure is generally representative of the type 
of westward-moving feature which might be observed in the stratosphere. 
The meridional structure of the basic state wave is such that it peaks at 
about 30°, and the streamfunction amplitude contributes about 2% of the 
total basic state streamfunction amplitude. The spectral distribution at 
zonal wavenumber 3 is very nearly identical to that of the wavenumber 3 
mode produced in the zonally symmetric problem with the jet profile used 
here, and shows the complicated meridional structure typical of those 
modes. Additional spectral amplitude appears at zonal wavenumbers 3 i 4k, 
where k is an integer. The frequency and spatial structure of this 
disturbance are nearly identical to that of the unstable wavenumber 3 mode 
in the zonally symmetric problem, but the e-folding time is aproximately 
40% longer than that of the unstable wavenumber 3 in the zonally symmetric 
problem. 
At higher basic state wave amplitudes, we see similar behavior, i.e., 
features which correspond to unstable modes of the zonally symmetric 
problem. However, other unstable disturbances appear which are not 
associated with any present in the zonally symmetric case. In the 
case, additional features appear (in both the case with n-m even and with 
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n-m odd) when the basic state wave streamfunction amplitude is about 
7 2 —1 1.2 X 10 m s , which is 1.1 times the critical amplitude for instability 
of the wave alone for odd disturbances, and 8.6 times that for even 
disturbances. The disturbances shows the simpler meridional structure 
typical of runs made with only a wave in the basic state. 
We examine in more detail two cases with a basic state wave of zonal 
3 3 
wavenuraber 3, a and a Pg, each moving eastward with a phase speed of 
6.0 X 10~® rad/s, corresponding to a period of approximately 4 days. The 
critical amplitudes for odd disturbances for the waves alone are about 
7 X 10^ and 8 x 10® m^s ^, respectively. For the P^, the critical 
amplitude for instability of the even disturbances is an order of 
magnitude lower. The P^ peaks at about 37°, while the Pg has its maximum 
value at about 51°. Figure 2 shows (a) the "period" (in the rotating 
coordinate system) in days, (b) the e-folding time in days, and (c) and 
(d) the energy conversion terms CKX and CKYW (relative to the jet, as 
discussed above) of the most unstable disturbance with n-m odd as a 
function of the amplitude of the basic state wave for these two meridional 
structures. The behavior of the even features is very similar. While the 
"period" shown above does not reveal the actual propagation 
characteristics of this disturbance, it does indicate whether there is a 
correspondence between the most unstable features at different amplitudes. 
Q 
For Pg, at the higher amplitudes shown, the "period" of the most unstable 
feature exhibits abrupt changes as the amplitude of the basic state wave 
3 is changed. The feature that is most unstable for the P^ case, and at low 
Figure 2a. Period in rotating reference frame as a function of basic 
state wave amplitude for the most unstable disturbances with 
n-m odd for a basic state given by the default jet and a 
q q 
wave, either P^cosSA (dots) or PgCosSA (x's), traveling 
eastward at 6 x 10 ^  rad/s. "Period" is given by 
where a is the real part of the unstable eigenvalue. The 
^ 3 dashed line is a disturbance in the Pg case that corresponds 
to the unstable wavenumber 1 mode from the zonally symmetric 
problem with the same jet 
Figure 2b. e-folding time as a function of basic state wave amplitude 
for the most unstable disturbances with n-m odd for a basic 
state given by the default jet and a wave, either P.cosSA 
3 ^6 (dots) or PgCosSA (x's), traveling eastward at 6 x 10^ 
rad/s. The dashed line is for a disturbance in the P^ case b 
that corresponds to the unstable wavenumber 1 mode from the 
zonally symmetric problem with the same jet 
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Figure 2c. Energy conversion as a function of basic state wave amplitude 
3 for the case in Fig. 2a and 2b. Values shown are relative 
to the energy conversion due to the jet in the basic state: 
for conversion due to the zonal variations of the basic state 
wave, CKX/ICKYJl and, for conversion due to the meridional 
variations of the basic state wave, CKYW/|CKYJ| 
Figure 2d. Energy conversion as a function of basic state wave amplitude 
3 for the Pg case in Fig. 2a and 2b. Values shown are relative 
to the energy conversion due to the jet in the basic state: 
for conversion due to the zonal variations of the basic state 
wave, CKX/|CKYJ| and, for conversion due to the meridional 
variations of the basic state wave, CKYW/|CKYJ| 
ENERGY CONVERSION ENERGY CONVERSION 
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3 
amplitudes for the Pg case, corresponds (in structure and "period") to the 
wavenuraber 1 mode seen in the zonally symmetric problem. The dashed lines 
in Fig. 2 show the characteristics of this feature where it is not the 
3 
most unstable one for Pg. The general trend shown is for the most 
unstable disturbance (and the other one shown) to become more unstable as 
3 
the amplitude of the basic state wave is increased, although the Pg shows 
this trend starting later, after a region of enhanced stability. For both 
cases, the energy conversion terms are eventually destabilizing. The 
3 
effect is seen to be stabilizing for the Pg case in the amplitude range of 
7 2 —1 
approximately 1.0—1.5 x 10 m s , where the most unstable disturbance is 
3 
more stable. The magnitudes of energy conversion terms in the P^ case 
3 
remain considerably smaller than those in the Pg case. 
3 
Another case for the wave Pg was examined, with a different jet, and 
—-fi 
with Wy = 7.5 X 10 rad/s. The jet is of the same form as equation (6), 
but with = 180 m/s, B = lo". The most unstable modes of the zonally 
symmetric problem with this jet profile are associated with a region of 
negative absolute vorticity gradient on the equatorward side of the jet; 
the wavenumber 3 mode has a period of 3.1 d, and an e-folding time of 
1.3 d. Thus, the phase speed of the basic state wave is near that of 
the unstable wavenumber 3 in the zonally symmetric problem. Figure 3 
shows the e-folding time of the most unstable feature with n-m odd as a 
function of basic state wave amplitude. At amplitudes between the 
vertical lines, the most unstable feature is one which is moving with the 
same speed as the basic state wave. The spectral amplitudes and a contour 
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Figure 3. e-folding time as a function of basic state wave 
streamfunction amplitude for the most unstable odd disturbance 
of a basic state given by a jet of the form (6) with 
= 180 m/s, B = 10°, and (j>^ = 60°, and a wave PgCos3A, with 
= 7.5 X 10 ® rad/s. Between the dashed lines, the most 
unstable feature is moving with the same phase speed as the 
basic state wave 
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plot of the disturbance streamfunction field for this feature at 
6 2 —1 
A = 2,5 X 10 m s are shown in Fig. 4; the structure strongly resembles 
the equatorward wavenumber 3 mode in the symmetric problem, with some 
amplitude also at wavenumbers 0 (zonal flow) and 6. The most unstable 
disturbance at lower amplitudes resembles the equatorward wavenumber 4 
from the zonally symmetric case, while at higher amplitudes the spatial 
structure is considerably more complicated. Both CKX and CKY\V remain very 
7 2 —1 
small until A = 1.3 x 10 m s , and then increase rapidly (both positive) 
so that at A = 2.0 x 10^ m^s ^, CKX = .9 and CKYW = .5. The beginning of 
this increase corresponds with a second region of increased instability 
shown in Fig. 3. We will compare some of the features mentioned here to 
results for a basic state zonal wavenumber 1 where the basic state wave 
has a phase speed near that of a free wavenumber 1 mode in the zonally 
symmetric case. 
In general, the basic states studied above show unstable disturbances 
w i t h  s p e c t r a l  a m p l i t u d e  a t  z o n a l  w a v e n u m b e r s  s e p a r a t e d  b y  p ,  w h e r e  p i s  
the zonal wavenumber of the basic state wave. At low amplitudes we can 
identify features which correspond to unstable modes in the zonally 
Q 
symmetric problem with the same jet. For Pg, amplitude ranges of 
increased and decreased stability occur. The basic state wave has peak 
amplitude at about 37°, while the Pg peaks near 51°. Thus, the amplitude 
of the P^ in the latitude range near the jet (which peaks at 60°) is 
smaller. The results show simpler behavior and considerably less energy 
conversion from the wave in the P^ case, consistent with the difference in 
ANC = 2.5 X lOeB ODD 
IR=999.399 11=0.900 
AMP = 2.5 X I0e6 000 
1R=999.999 11=0.90U 
M 
Figure 4. (a) Spectral amplitudes and (b) polar contour plot of disturbance 
streamfunction field for the case shown in Fig. 3, at basic state 
6 2 —1 
wave amplitude 2.5 x 10 m s . This disturbance has the same 
phase speed as the basic state wave. Disturbance amplitude scale 
is arbitrary; contours in (b) are uniformly spaced. Latitudes in 
(b) are from 30° to 80°, and dashed lines are negative values 
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meridional structure. 
Very similar results are seen for even and odd disturbances in cases 
where the basic state wave alone has very different critical amplitudes 
for instability of even and odd disturbances. This indicates that the 
critical amplitude of the wave is not closely related to the amplitude at 
which that wave begins to materially affect the results when a jet is also 
included. 
Zonal wavenumber cases 
The behavior of disturbances for basic state waves with zonal 
wavenumber lis considerably more complicated than that for higher 
wavenumbers, as we might expect since interactions are allowed at all 
zonal wavenumbers. In general, the structure of features associated with 
the unstable jet is significantly altered at considerably lower basic wave 
amplitudes, regardless of the critical amplitude for the basic wave alone, 
and the unstable disturbances have a more complicated structure. We 
examine the effect of varying basic state wave amplitude in three cases 
with the meridional structure P^, which has its largest peak at 
approximately 72°. In the first case = -7.292 x 10~^ rad/s 
(westward-moving, period 10 d); in the second case Wy = 0 (stationary); 
and in the third case Wy = 2.0 x 10 ^  rad/s (eastward-moving, period 
3.64 d). 
Figure 5 shows (a) "period" and (b) e-folding time for the most 
Figure 5a. Period in the rotating frame as a function of basic state 
wave amplitude for the most unstable disturbance with n-m odd 
for a basic state given by the default jet and a wave P^cosA, 
—6 
with Wy = - 7.292 x 10 rad/s. Dashed lines show the second 
most unstable disturbance at amplitudes where the most 
unstable disturbance is moving with the basic state wave 
Figure 5b. e-folding time as a function of basic state wave amplitude 
for the most unstable disturbance with n-m odd for a basic 
state given by the default jet and a wave P^cosA, with 
Wy = - 7.292 X 10 ® rad/s. Dashed lines show the second most 
unstable disturbance at amplitudes where the most unstable 
disturbance is moving with the basic state wave 
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unstable odd disturbances for the westward-moving case. In the region 
where dashed lines are shown, the most unstable feature is one that moves 
with the same speed as the basic state wave. This feature consists 
largely of wavenumbers 0, 1 and 2, with the wavenumber 2 having its 
largest amplitudes at lower latitudes. The dashed lines show the "period" 
and e-folding time of the second most unstable disturbance. A feature 
that is stationary with respect to the basic state wave does not appear in 
the case with n-m even, and the plot of e-folding time for the most 
unstable feature looks much like the dashed lines shown for the odd case. 
For both even and odd modes, there is a range of amplitudes where the 
disturbances are more stable. In both cases the energy conversion due to 
the basic state wave starts to increase rapidly in magnitude at amplitudes 
where the basic state becomes more stable. The critical amplitude for 
instability of the wave alone is just below the more stable region in the 
even case, and just above it in the odd case. 
Figure 6 shows "period", e-folding time, and energy conversion terms 
for the stationary wavenumber 1 for the most unstable mode with n-m odd 
(even and odd modes behave very much the same). At amplitudes between the 
dashed lines the most unstable disturbance is stationary. At lower 
amplitudes, the basic state is much more stable; the region of increased 
stability is just above the critical amplitude for the wave alone. In 
regions where the stability is either greatly increased or decreased, the 
magnitude of energy conversion due to the basic state wave is enhanced. 
Figure 7 shows the spectral amplitudes and contour plot of the disturbance 
Figure 6a. Period as a function of basic state wave amplitude for the 
most unstable disturbance with n-m odd for a basic state with 
the default jet, and a stationary wave (Wy = 0) P^cosA. 
Dashed lines show where the most unstable disturbance is 
stationary 
Figure 6b. e-folding time as a function of basic state wave amplitude 
for the most unstable disturbance with n-m odd for a basic 
state with the default jet, and a stationary wave (w, = 0) 
1 
P.cosA, Dashed lines show where the most unstable 4 
disturbance is stationary 
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Figure 6c. Energy conversion due to the basic state wave, as a function 
of basic state wave streamfunction amplitude for the most 
unstable odd disturbance with the basic state of Fig. 6a and 
6b. Values are relative to the energy conversion from the 
jet. Dashed lines show where the most unstable feature is 
stationary 
Figure 7. (a) Spectral amplitudes and (b) disturbance streamfunction field 
for the most unstable odd disturbance to the basic state of Fig. 6, 
7 2 —1 
at basic state wave streamfunction amplitude 3 x 10 m s . This 
is a stationary disturbance. Latitudes in (b) are from 30° to 80°. 
Contour values are arbitrary; contours are uniformly spaced 
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7 2-1 
streamfunction field for A = 3.0 x 10 m s . The stationary disturbance 
consists largely of wavenumber 2 components, modulated by significant 
values at wavenumber 1. 
Figure 8 shows "period", e-folding time, and energy conversion terms 
for the odd disturbance in the eastward moving case. The period of the 
basic state wave is very near that of the unstable wavenumber 1 mode from 
the zonally symmetric case. The "period" plotted in Fig. 8a thus changes 
dramatically as the structure of the disturbance changes, and reveals 
little about the propagation characteristics. The smooth curve shown for 
the "period, and the sequence of spectra and contour plots shown in 
Fig. 9 suggests a smooth progression of the characteristics of the most 
unstable feature as the basic state wave amplitude is increased. The most 
unstable feature at low amplitudes resembles the wavenumber 2 from the 
zonally symmetric case, and "evolves" in a smooth manner, as basic state 
wave amplitude is increased, into a distorted feature which continues to 
resemble Fig. 9c at higher amplitudes. Although Fig. 8b shows a general 
trend for the basic state to become more stable as the amplitude of the 
basic state wave is increased, there are regions where the instability 
appears to be enhanced. The plot of energy conversion terms (Fig. 8c) 
shows that, for most amplitudes considered, the effect of the basic state 
wave is stabilizing. 
In the eastward-moving case, disturbances do appear that are moving 
with the same phase speed as the basic state wave, although they do not 
become the most unstable features. Figure 10 shows the e-folding time and 
Figure 8a. Period in rotating frame as a function of basic state wave 
amplitude for the most unstable disturbance with n-m odd for 
a basic state given by the default jet plus a wave P^cosA, 
with Wy = 2 X 10~® rad/s 
Figure 8b. e-folding time as a function of basic state wave amplitude 
for the most unstable disturbance with n-m odd for a basic 
state given by the default jet plus a wave P^cosA, with 
Wy = 2 X 10 ^  rad/s 
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Figure Sc. Energy conversion due to the basic state wave as a function 
of basic state wave streamfunction amplitude for the most 
unstable odd disturbance for the basic state of Fig. 8a and 
8b. Values are given relative to the energy conversion from 
the jet 
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Figure 9a. Spectral amplitudes and disturbance streamfunction field for the 
most unstable disturbance with n-m odd for the basic state of 
Fig. 8, at basic state wave streamfunction amplitude 
4 X 10 m s ^. Latitudes are from 30^ to 80^. Contour values are 
arbitrary; contours are uniformly spaced 
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lH-23.499 11=5.478 
AMP = 1.0 X lOeB UUD 
IB = 23.499 1U5.4/8 
I I 
» I 
00 
Figure 9b. As in Fig. 9a, except basic state wave strearafunction amplitude 
Contours are uniformly spaced 1 X iO® m^s ^ 
Figure 9c. As in Fig. 9a, except basic state wave streamfunction amplitude 
2 X 10^ m^s ^ . Contours are uniformly spaced 
89 
BASIC STATE WAVE AMPLITUDE (10^m^/s) 
Figure 10. (a) e-folding time and (b) energy conversion due to basic 
state wave for an unstable disturbance with n-m odd, moving 
with the basic state wave, for the basic state used in 
Figs. 8 and 9. Energy conversion is relative to that from 
the jet 
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energy conversion terms for one of these. The rapid transition to 
instability and again to stability at a higher amplitude is typical of 
"stationary" disturbances in all cases where they appear. Figure 11 shows 
6 2 —1 the structure of this disturbance at A = 1.2 x 10 m s . Fig. 11c shows 
the total streamfunction field if the maximum disturbance streamfunction 
amplitude is taken to be 15% of the maximum basic state streamfunction 
amplitude. This feature is dominated by wavenumber 1, as well as other 
zonal wavenumber components, which, when combined with the basic state 
gives the appearance of an isolated disturbance (which is traveling with 
approximately a 3.6 d period) that is somewhat more localized than a 
simple wavenumber 1 mode. Although the phase of this disturbance with 
respect to the basic state wave is also chosen arbitrarily, the basic 
state wave is (visually) an insignificant feature which doesn't alter the 
appearance of the plot. 
An additional case was examined for wavenumber 1, where the basic 
state wave has the meridional structure + P^, and w, = 2 x 10 ^ rad/s. 
4 o D 
The results show qualitative features very similar to the case just 
discussed, including the regions of enhanced instability, the structure of 
the most unstable disturbance, and the occurrence of "stationary" features 
at very low amplitudes. They also show, at higher amplitudes, a tendency 
to become more unstable again. 
To assess how different basic state wave phase speeds affect 
stability characteristics, we plot in Fig. 12 results for a P^ wave with 
6 2 —1 
A = 1.0 X 10 m s (about 0.5% of the total basic state streamfunction) 
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Figure lia. 
shown in Fig. 10 
AMP = 1.2 X I0e6 ODD 
IR=999.999 11=7.504 11=999.999 1 1=7.504 
to 
Figure lib and 11c. (b) disturbance streamfunction field and (c) total 
streamfunction field for an unstable disturbance with n-m 
odd which is moving with the basic state wave, for the 
case shown in Fig, 10. The disturbance streamfunction 
field in (c) is taken to be 15% of the largest basic 
state streamfunction value. Latitudes are from 30^ to 
80 . Contours are uniformly spaced 
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Figure 12. e-folding times of unstable disturbances with n-m odd at a 
given basic state wave amplitude, as a function of basic 
state wave phase speed. The basic state is the default jet 
plus a wave P^cosA, with basic state wave streamfunction 
6 2 —1 
amplitude 1.0 x 10 m s . The features shown are ones which 
can be related to unstable modes from the zonally symmetric 
problem: solid circles to wavenumber 1, squares to 
wavenumber 2, triangles to wavenumber 3, and open circles to 
wavenumber 4. Points in boxes correspond to disturbances at 
= 2 X 10 ^  rad/s which are dominated by wavenumber 1 and 2 
components 
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as a function of Wy. At the amplitude used here, features corresponding 
to the unstable modes of the zonally symmetric problem can be identified, 
and e-folding times for those features corresponding to wavenumbers 1 
through 4 are plotted. There is relatively little effect until the basic 
state wave is moving eastward with a period of about 5 d. As the basic 
wave phase speed approaches the phase speed of the wavenumber 1 mode of 
the zonally symmetric problem, e-folding times begin to change 
dramatically. At Wy = 2.0 x 10 ^  rad/s, the points that appear in boxes 
are disturbances that have structure dominated by wavenumber 1 or 2. 
Other features with this dominant structure also occur with slower growth 
rates. Disturbances dominated by higher zonal wavenumbers cannot be 
identified. A related test started with a basic state with just the wave 
with Wy = 2.0 X 10 ^  rad/s, and included a jet of the form (6) with B = 
20°, starting with = 50 m/s, and increasing the strength in a series of 
model runs. The period of unstable modes in the symmetric problem depends 
strongly on the strength of the jet (Hartmann, 1983), so this alters those 
periods, rather than that of the basic state wave. Resulting unstable 
disturbances correspond closely to modes arising from the jet alone, 
except for near 150 m/s, the value used in previous cases. 
3 
The results for this case, and for Pg with a strong jet where the 
period of the basic wave was near that of the unstable wavenumber 3 of the 
zonally symmetric problem, suggest that even a very small basic state wave 
can dramatically affect the stability characteristics when there is a 
matching between the structure and phase speed of the basic wave and a 
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free mode from the zonally symmetric problem. 
Discussion 
General features 
The most prominent feature seen in a comparison between basic state 
waves of different wavenumbers is the comparatively simple spectral 
structure of the wavenumbers higher than 1, where the zonal wavenumbers 
included in a disturbance are integer multiples of the most prominent 
zonal wavenumber; in low amplitude cases, this means that they are 
multiples of the wavenumber of the corresponding mode in the zonally 
symmetric case. This result is unsurprising, given the selection rules 
for interactions between spherical harmonics, and the results of Baines 
(1976), which showed that in many cases (notably, the Pg case shown above) 
the most unstable features with this type of wave alone in the basic state 
are well represented by a triad in which only two disturbance components 
were allowed. Wavenumber 1 cases produce more complicated zonal 
structures because interactions are allowed at all zonal wavenumbers, and 
alter the stability characteristics at much lower amplitudes. 
To summarize differences and similarities between various cases 
studied here we group them into two classes: class I, in which the basic 
state wave has a phase speed which is close to that of an unstable free 
mode with the same zonal wavenumber from the zonally symmetric case (the 
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cases and + P^ with w, = 2.0 x 10 ^  rad/s, and P^ with U = 180 m/s, 
4 4 6 b 6 0 
B = 10°, and = 7.5 x 10~^ rad/s); and class II, including all other 
cases, where the speed of the basic state wave is not near that of an 
unstable mode of the zonally symmetric problem. Between these two 
classes, several contrasting results appear: 
* In class II, plots of e-folding times versus basic state wave 
amplitude show first a region of enhanced stability, followed by a region 
of enhanced instability. The behavior for class I shows a general trend 
towards greater stability, with several less pronounced regions of greater 
instability where the e-folding time of the most unstable disturbance 
reaches a local minimum. 
* The structure of "stationary" features in class I is mainly that of 
the basic state wave, while in class II it includes large amplitudes at 
other zonal wavenumbers. 
* For class I, a region of greater instability occurs at very low 
amplitudes, and "stationary" features occur at low amplitudes, with very 
little energy conversion from the basic state wave. "Stationary" 
disturbances appear at much higher amplitudes in class II cases. 
The differences in results for the two classes of basic states 
defined above, and the results shown in Fig. 12 for e-folding times as a 
function of Wy at low basic state wave amplitude, indicate that the 
matching (or lack thereof) between the structure and phase speed of the 
basic state wave and an unstable mode of the zonally symmetric problem is 
important in determining whether a small amplitude basic state wave will 
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significantly affect characteristics of the unstable disturbances. 
Several studies of wave instability for idealized flows suggest the 
possibility of both resonant type behavior and regions of increased and 
decreased stability. Gill (1974) examined the stability of a propagating 
2 Rossby wave on an infinite beta-plane, as a function of M = UK where U 
is the velocity amplitude of the basic state wave, and K its total 
wavenumber. He showed that for small M, unstable disturbances consist of 
two waves which form a resonantly interacting triad with the basic state 
wave, while for large M, there is a much larger area of wavenumber space 
in which the wavenumber of the disturbance may lie. Coaker (1977) further 
illuminated the parametric nature of the instability by examining 
analytically the third-order Floquet system for the problem studied by 
Gill (1974). For a bounded fluid, constraints on wavenumber that are not 
present in the unbounded case must be satisfied. This would be expected 
to further restrict the possibilities for instability (Plumb, 1977). 
Other idealized studies of wave stability, such as Przybylowicz and Loesch 
(1987), show cases where there are both upper and lower bounds on the 
amplitude of waves which may be unstable. 
An analytical approach to the problem considered here is rendered 
intractable, both by the spherical geometry, and even more seriously, by 
the complicated structure of the basic state jet. Our results suggest 
that there are some areas of wavenumber and frequency space that are 
favored for instability. Some tests have been attempted to understand the 
specific processes involved, but results are inconclusive, so that no 
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simple mechanism may be isolated at this time. 
Relevance to the stratosphere 
The basic states we have studied were chosen to include waves which 
are typical in structure and frequency to waves that are observed in the 
winter stratosphere, particularly in the Southern Hemisphere. Previous 
studies, such as Frederiksen (1982), have shown that wave instability may 
be an important factor in stratospheric sudden warmings. While such 
warmings generally do not occur in the Southern Hemisphere, it is likely 
that wave instability may be important in understanding the final warming. 
The stratospheric circulation at the time of the final warming is highly 
distorted, with a quasi-stationary wavenumber 1 and an eastward traveling 
wavenumber 2 being prominent (Yamazaki and Mechoso, 1985). The stationary 
basic state wavenumber 1 that we considered shows a region, at 
comparatively large basic wave amplitudes, of greatly increased 
instability. If such an effect were present in the atmosphere, 
instability of this distorted state may contribute to the further 
distortion of the circulation during this time. 
With regard to fast-moving, quasi-nondispersive features which have 
been observed in the Southern Hemisphere winter stratosphere (Lait and 
Stanford, 1988), Hartmann (1983) speculated that the presence of a 
wavenumber 1, with a period of about 4 d, might be favorable to the 
appearance of higher wavenumbers moving with the same phase speed. The 
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cases studied here for a eastward moving wavenumber 1 provide an idealized 
test of this suggestion. In both the cases studied, features appear which 
are moving with the same speed as the basic state wave, and which are 
largely composed of zonal wavenumber 1, with smaller amplitude components 
at higher wavenumbers (see Fig. 11). The appearance of this type of 
feature, when combined with the basic state (Fig. 11c) is less localized 
than the "warm pools" observed by Lait and Stanford (1988), but does 
contain some amplitude at higher wavenumbers. In the model, these 
features appear only for a narrow range of basic state wave amplitudes, 
which are less than 1% of the maximum streamfunction amplitude in the jet. 
It might be suggested that such a disturbance may appear, and be modified 
and maintained by nonlinear effects to produce a quasi-nondispersive 
feature such as those that are observed. Because the model used is 
barotropic, and thus cannot predict temperature, and because of the 
idealized nature of the basic states used, this suggestion must, on the 
basis of our results, remain speculative. 
The predominance of traveling planetary waves in the stratosphere 
suggests that wave stability analyses should be a profitable undertaking 
in attempts to understand observations of stratospheric phenomena. The 
results presented here suggest several areas in which more realistic 
modeling efforts are expected to be important in advancing our 
understanding of mechanisms contributing to the observed circulation of 
the stratosphere. 
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Summary and Conclusions 
The linear stability of zonally asymmetric basic states has been 
examined in a nondivergent barotropic model on a sphere. The basic states 
used consisted of a jet similar to the stratospheric polar night jet, and 
a single spherical harmonic wave. The main emphasis is on how small 
amplitude basic state waves modify the structure of modes which arise from 
the zonally symmetric problem where the basic state consists only of the 
jet profile. Results are shown for the most unstable disturbances for 
"period" (in the rotating reference frame), e-folding times, and energy 
conversion from the basic state wave, as a function of the amplitude of 
the basic state wave. 
For basic state wavenumbers larger than 1, we see that the small 
amplitude effect of zonal asymmetry is to produce features which have 
amplitude at zonal wavenumbers which are integer multiples of the zonal 
wavenumber of a mode arising from the zonally symmetric problem. These 
features can also be identified at higher amplitudes, and additional 
features appear which are not related to any unstable modes of the zonally 
symmetric case. The behavior for wavenumber 1 is more complicated, since 
orthogonality conditions do not exclude amplitude at any wavenumbers, and 
features which correspond to unstable modes of the zonally symmetric 
problem are significantly altered at much lower amplitudes. 
Examination of the effect of basic state wave phase speed on the 
characteristics of disturbances shows that the most dramatic effects occur 
in cases where the basic state wave phase speed is close to that of a 
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free mode of the zonally symmetric problem with the same zonal 
wavenumber. This matching appears to be of fundamental importance in 
determining whether a small amplitude basic state wave can significantly 
alter the characteristics of unstable disturbances in a situation where 
the basic state flow is dominated by a zonally symmetric jet. 
Suggestions are given on the basis of our results as to where more 
realistic models similar to the one used here would be useful in studying 
stratospheric phenomena. 
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Appendix A: The Eigenvalue Problem 
The eigenvalue problem obtained from substituting (3) and (4) into 
(1) can be written as 
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M lml+Np|. ^ gmr^ gmr^ 
+ f^S 6 1 } 
n rm ns J J 
with the following forms of the coefficients: 
(Al) 
^ ^ ^e ^e 
(A3, 
® ^e ^e 
® ^e ^e 
FJI = - [ + Wb ] •" (AS) 
c^ = n(n+l) 
Clq = /.^  fs ( i < - < i ) •»" <A6) 
The problem is formulated as two separate eigenvalue problems for even 
(n-m) and odd (n-m) modes, following Baines (1976); for a given truncation 
at M and N, this results in two matrices of dimension M(N+1) + (N-l)/2, 
after omitting coefficients corresponding to and (Simmons et al., 
1983). The coefficients of the matrix may be calculated by two different 
methods: 1) by using Gaussian quadrature, as described by Branstator 
(1983), and 2) by calculating the integrals in (A2), (A3), and (A4) 
analytically as a sum of products of Clebsch-Gordan coefficients 
(Silberman, 1954; Edmonds, 1974). For the type of truncations used here, 
the cost of the two methods is nearly the same. A series of EISPACK 
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subroutines is used to solve the matrix eigenvalue problem. The values 
for the coefficients calculated by the two methods mentioned above 
typically differ in the fifth or sixth significant figure. While this 
produces no material difference in the eigenvalues, the exact values for 
some of the eigenvectors are considerably more sensitive to these small 
differences. 
Appendix B: Energy Calculations 
The forms of the energy conversion terms given in (5) are; 
CKY = CKYW + CKYJ, (B2) 
CKYW = - u'v' [ cos(f> ^  ^ ZBT dp (B3) 
1 /27r 
I u'v' cos(f> ^  dA dfi (B4) 
-1^0 
where Uj^ represents the basic state zonal wind, and Vy the basic state 
meridional wind. The derivation of this energy equation is virtually 
identical to that given by Simmons et al. (1983); the only difference 
being that we are working in a coordinate system rotating at 0 + Wy, 
rather than 0, as is usually done. Specific forms for CKYW and CKYJ come 
from substituting in a basic state of the form (4), and for the jet part, 
a jet of the form (6). 
As mentioned above, the calculation of the eigenvectors is very 
CKYJ = j 
104 
sensitive to the exact values of the coefficients used. The energy 
calculations, in turn, are very sensitive to the exact value of the 
eigenvectors. In order to verify the energy conversion terms, we have run 
the model and calculated the energy conversion terms for both of the 
methods listed above. All of the results we present are cases where the 
two methods give values that agree to within about 15%. 
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SUMMARY 
The linear stability of several basic states relevant to the 
stratosphere has been studied in a nondivergent barotropic model on a 
sphere. Basic states used may include both a realistic jet profile and a 
traveling planetary scale wave. The jet profiles used resemble the 
stratospheric polar night jet in the Southern Hemisphere. A detailed 
study is made of zonally symmetric basic states which are obtained from 
observed wind fields for three individual Southern Hemisphere winter 
months. The remainder of the work is concerned with zonally asymmetric 
basic states that consist of a realistic analytical jet profile and a 
single traveling wave. The structure of the waves studied is chosen to 
resemble observed waves in the winter stratosphere. 
The jet profiles used give rise to a set of fast-moving 
quasi-nondispersive unstable modes which are confined to high latitudes. 
The period of the wavenuraber 1 mode is about 3 to 4 d, depending on the 
maximum wind speed in the basic state jet. Studies of analytical jet 
profiles show that broader jets, and jets which peak at higher latitudes, 
give rise to poleward modes that are less dispersive. 
The poleward modes that arise from jet profiles taken from 
observational data are compared to quasi-nondispersive features that are 
observed in the Southern Hemisphere winter stratosphere (Lait and 
Stanford, 1988). Within the context of a linear model, there is 
remarkable agreement between characteristics of the barotropically 
unstable modes and the observed features. 
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Other barotropically unstable features that arise from the jet 
profiles used are discussed. The appearance of unstable modes associated 
with the weak easterly jet in the summer hemisphere is noted in the wind 
profiles from observational data, and in analytical profiles that have 
realistic global structure. 
Examination of zonally asymmetric states is important because of the 
ubiquitous presence of planetary scale waves in the winter stratosphere. 
Results are presented here for studies which focus on the effect of the 
presence of a small amplitude wave on the stability characteristics of a 
basic state which is dominated by a jet profile resembling the 
stratospheric polar night jet. The cases studied show ranges of basic 
state wave amplitude where the effect of the wave is destabilizing, and 
also ranges where it is stabilizing. An examination of the effect of 
basic state wave phase speed on the characteristics of the disturbances 
shows that dramatic changes occur at very small basic state wave 
amplitudes if the basic state wave phase speed is near that of an unstable 
free mode of the zonally symmetric problem. Suggestions are made as to 
how these results may apply to the stratosphere. 
Several areas for further research are suggested by these studies. 
Although results shown here suggest that observed quasi-nondispersive 
features may arise from barotropic instability of the polar night jet, a 
linear model cannot explain their longevity. Thus, it would be useful to 
study a nonlinear model, using initial states which include a realistic 
jet profile. Further insight could be gained into the stability of 
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observed stratospheric waves using the model employed here, but with a 
basic state wave composed of a sum of several components with the same 
zonal wavenumber. This would give basic state waves with a more realistic 
meridional structure. Additional features, such as topographic forcing, 
could also be included in the model. The results presented here show that 
much insight may be gained into the dynamical processes at work in the 
stratosphere using a simple barotropic numerical model. 
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